Introduction
Definition. Let X ∈ Sm(k) be a smooth, projective k−variety of dimension d. We say that X has a Chow-Künneth decomposition, if there exist projectors p 0 , p 1 , ..., p 2d in CH d (X × X) ⊗ Q such that the following properties hold: 
Conjecture (J. Murre). Every smooth projective variety has a Murre decomposition.
Parts of (1)-(6) have been proved for curves [K] , [M] , surfaces [Mu2] , products of a curve and a surface [Mu1] , uniruled 3-folds [dAMS] , elliptic modular 3-folds [GM] , abelian varieties [Sh] , [B] , [DM] , [Kü] certain moduli spaces [dBR] and generalized flag varieties [Kö] .
In this paper we want to generalize the results of [dAMS] , where certain correspondences were constructed in order to obtain a Chow-Künneth decomposition (see [Mu1] ) of a smooth uniruled projective 3-fold X over C: Theorem 1 ( [dAMS] ). Let X be a uniruled complex projective 3-fold. Then X admits a special Chow-Künneth decomposition with properties (4) and (6) of a Murre decomposition.
This construction worked mainly, because -in the case where X is birational to a conic bundle -a certain blow-up Y of X has the property that there is a morphism f : Y → S such that the general fiber is a smooth rational curve.
The main observation in this paper is that one can in certain cases allow that the generic fiber is of positive genus: let X be a smooth, projective 3-fold over a field k of characteristic zero. Let σ : Y → X be a blow-up and assume that there is a connected proper morphism f : Y → S, generically smooth of relative dimension one onto a smooth surface S. Let i : Z → Y be a smooth divisor finite over S. Then there exist projectors (=idempotent correspondences) in Y × Y ,
for 0 ≤ i ≤ 4 which can be combined to form a Chow-Künneth decomposition of Y (and therefore later on X) if the following condition is satisfied:
This notion is a generalization of isotriviality and means that the cohomology classes in H 
New correspondences
In this section we generalize the construction of J. Murre from [Mu2] . Let S be an n − 1-dimensional smooth projective variety and assume that there exist a Chow-Künneth decomposition for S given by projectors π 0 (S), . . . , π 2n−2 (S) satisfying π i (S) tr = π 2n−2−i (S) . We assume that f : Y −→ S is a proper, connected morphism generically smooth of relative dimension one. Let Z ⊂ Y be a smooth divisor and assume that the morphism h = f | Z : Z −→ S has finite fibers.
From now on suppose that the ground field k is big enough such that Z and f are defined over k. This is not a serious restriction by [Sch, 1.17] . Let e be a k−rational point in S, F = f −1 (e), p a k−rational point in F ∩ Z and m = (Z · F ). There are natural morphisms
which do not induce, in general, an isogeny. Nevertheless, if one takes K = ker (Alb(Y ) −→ Alb (S) ), this maps does induce an isogeny :
Here the point is that the restriction map
is injective in our situation. This can be seen as follows: Let Σ ⊂ S be the non-smooth locus of f and T := f −1 (Σ). Using the localization sequence on Y and S we obtain a commutative diagram
T (Y ) which, together with the degeneration of the Leray spectral sequence over S \ Σ, shows that 
and we let D be the pullback of the normalized Poincaré divisor. This divisor D will play an essential role in what follows and has the following properties:
The last property follows from the fact that the degree of D over S × Y is zero by definition of D.
Lemma 1. With the notation above, one has
Proof. By the theorem of the cube it is enough to show that the left hand side and the right hand side coincide when restricted to
For the right hand side one has (pr
while for the left hand side one gets
by ( * ). In a similar fashion (pr
by ( * ). Finally the right hand side restricted to Y × {e} × Y is simply deg( ) · D whereas the left hand side we abbreviate by E for a moment. Observe that E also is a pull back from K × K, by the following base change diagram (using [Fu, 1.7] )
By the universal property of Poincaré divisors (see [Mum] ) it is sufficient to check that E acts as a correspondence E : K → K ∨ in the same way as deg( ) · D does. Let W be a zero cycle such that its Albanese image is in K. Then, by a computation in the following diagram
In the above computation we used the following fact: the composition of the following maps and correspondences equals • tr = deg( ) · Id :
Hence E and deg( ) · D act identically on K. That proves the assertion.
For j = 0, 1, 2 and 0 ≤ i ≤ 2n − 2 one defines a cycle π ij as follows:
Proposition 1. The π ij satisfy the following properties:
Proof. If no π i1 is involved, the result follows easily as in [dAMS] . On the other hand
Proposition 2. π 02 , π 11 , π 20 satisfy the following additional properties:
( Proof. (1) and (2) are proven in [dAMS] . (3): On f * H 2 (S, Q) we have by (1) that π 20 = id therefore π 11 = π 11 • π 20 = 0 on f * H 2 (S, Q) by proposition 1. To prove the rest of (3) we have to make an explicit computation. Let
be representing differential forms. Then (as currents)
by the projection formula. Now let γ :
By the Künneth formula, we obtain γ = pr * 1 (γ 1 ) + pr * 2 (γ 2 ). Hence we get
since π 1 (S) is the identity on H 1 (S). But the first term is zero, since π 1 (S) acts trivially on H 2 (S). Therefore we have shown that
Recall that
is an injection. Thus we have only to show that after restriction to F × F one has 1 deg( )
However on F × F the map (f × 1) * equals pr 2 * and the assertion follows from the fact that 1 deg( ) pr 2 * (D| F ×F ∩ pr * 1 δ) = δ, which in turn is a consequence of the fact that the projector
induces by construction the projection map
F ). This proves (3).
Finally (4) is a formal consequence of (1) 
Proof of theorem 2
Let X be a smooth projective n-fold over a field k of characteristic zero together with a rational point e ∈ X(k). By [Sch, 1.17] we may again assume that k is algebraically closed. First we need two lemmas about blow-ups on X. Proof. By induction on the number of blow-ups we may assume that there is just one blow-up along a smooth subvariety W ⊂ X. Let E ⊂ Y be the exceptional divisor and
Lemma 2. Let ϕ : Y → X be a consecutive blow up of X along several smooth centers W j of dimension ≤ 1 and q ∈ CH n (Y ×Y ) be a projector which is supported in H × Y for some effective irreducible divisor H ⊂ Y and acts trivially or as the identity on
We have to show that the cycle C :
Since q is a projector, the image of C in CH n (U ) vanishes. Therefore C = j * Q. If dim(W ) = 0, we have Q = 0 by dimension reasons. If dim(W ) = 1, one gets that
But for every cohomology class
If q is zero or the identity on H 2n−2 (X, Q), this implies that p(α) is zero or equal to α. In both cases C(α) = 0 for every α ∈ H 2n−2 (X, Q) or α ∈ H 0 (X, Q). Therefore a = b = 0 and p is a projector.
If q 1 , q 2 are two orthogonal projectors, then one concludes in a similar way that p 1 • p 2 is supported on T and therefore it vanishes by the same argument as above.
Let π i (S) be a special Chow-Künneth decomposition for S. Keeping the notation π ij (Y ) = π ij of the previous section, we have a projector →Y be the complement. From now on we also will assume that (after further blow-ups of Y ) we are in the situation where T = T i is a divisor with strict normal crossings. Additionally we choose U small enough so that f :
The Leray spectral sequence for f on U
degenerates at E 2 and each term has a mixed Hodge structure by [Sa] whose lowest weight piece
In particular by the Leray spectral sequence π 11 acts trivially on
Proof. Let 
U/f (U) → 0 are canonically split due to the assumption that Z ∩U isétale over f (U ). Therefore we get a canonical decomposition
Now consider a class β ∈ P ic 0 (T ) (without loss of generality we may assume that T is irreducible). Then, using the projector π 1 (S) 
C can be chosen to intersect V properly in a finite set, so
where W (Q) ∈ P ic 0 (S) and hence by suitable rewriting
for some classes W (P ), D(P ) ∈ P ic 0 (Y ) and a P ∈ Z. The lemma follows then from the fact that the cup product map
in Deligne cohomology is zero by [EV] .
Remark. The above argument can also be applied to the projector π 1 (S) as defined in [Sch] , since one only needs to add a term of the form 1 2 π 3 • π 1 , with the one of [Mu2] , therefore a similar argument shows that this new term also acts as zero.
Lemma 5. Assume that
Proof. By proposition 2 we know that π 2 (Y ) acts as the identity on H (1 1 1 − A) ) + A = 1 1 1. To show that p 2 is a projector, let us write p 2 = π 2 + β − βπ 2 . Note that ββ = β, since BM B = B. From BA = 0 we deduce that π 2 β = 0. Therefore p 2 • p 2 = π 2 2 + β 2 + βπ 2 βπ 2 + π 2 β − π 2 βπ 2 + βπ 2 − ββπ 2 − βπ 2 π 2 − βπ 2 β = π 2 + β − βπ 2 = p 2 is a projector.
As a corollary we obtain Proof. Choose a blow-up ϕ : Y → X such that Y is a smooth projective 3-fold with an H 2 −decomposing fibration f : Y → S of relative dimension one. S admits a special Chow-Künneth decomposition by [Mu1] . We may also assume that there exists a divisor Z ⊂ Y which is finite over S. By extending the ground field k we may assume that Z and f are defined over k and use [Sch, 1.17.] to reduce back to the smaller field by taking the norm. Now take the orthogonal set of projectors p 0 , p 1 , p 5 , p 6 as defined in [Mu2] or [Sch] , p 2 as in lemma 5 and p 4 = p Final remarks. It is easy to see that parts of properties (4)- (6) are satisfied for our choice of projectors. But (5) and (6) for CH 2 (X) remain open.
